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Do Tube Models Yield Consistent Predictions for the Relaxation Time
and Apparent Plateau Modulus of Entangled Linear Polymers?
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ABSTRACT: We show that state-of-the-art tube models overestimate the influence of contour length fluctuations
(CLF) on the apparent plateau modulus of entangled flexible polymers. The observed inconsistency between the
molecular weight dependence of the relaxation time and plateau modulus questions some of the underlying physics
and suggests, in particular, that the CLF-based explanation for the zero-shear viscosity vs molecular weight scaling
law is not entirely satisfactory.

Introduction 2008 A few years after Doi’s publication, Colby, Fetters, and

The tube model developed by Doi and Edwariss become Graessley meaguredyo o_f quasi-monodisperse polybutadiene
a cornerstone of polymer physics. It is based on the “reptation” OVer an exceptionally wide range #fvalues (0.5-8000) and
concept introduced by de Genrfesyhich depicts complex seemed to validate the predicted transition at RigRubinstein
topological constraints as a mean-field tube effect restricting prqf)osed the "Repton” mod&lwhich qualitatively agreed with
the motion of a linear test chain to a 1D curvilinear diffusion. DOI'S conclusions. More recently, Milner and McLet$thave
After Doi and Edwards published three seminal papers, combined dynamically diluted fluctuations with reptation to
Graessleyimmediately extracted the essential physics regarding Yield an accurat&-scaling forio. Therefore, the 3.4 scaling
chain diffusion and linear viscoelasticity (LVE) and compared [SSué seems to be settled in favor of CLF domination. Very
them with experiment&é The most notable discrepancy between recently, Likhtman and McLeisfihave published a quantitative
the theoretical predictions and experimental results for linear theory for LVE of linear entangled polymers (LM theory), which
polymers was the molecular weight (MW) dependence of the Self-consistently combines reptation with CLF and constraint

zero-shear viscosityo. While pure reptation predictsgo and release (CR). The predict@ddependence of the dimensionless
74, the terminal relaxation time, to scale &% the cube of the GZ@?/G?,E,T,F) and the dimensionless /z{'"" is consistent with

number of entanglements, experiments consistently show aegs 2 and 3, although it is more complex since additional
higher exponent, usually 3.4. This discrepancy was soon hegative powers oZ show up in the equations. However, the
recognized as a serious flaw of the original model and prompted Z~*2 term dominates, and the dependence is essentially the same
Doi to introduce a fundamental modificatibiy allowing as that predicted by Doi, with a numerical factoeven higher
springlike motions of the test chain inside the tube, usually than Doi’s, i.e., 1.69.

referred to as contour length fluctuations (CLF), to speed up  Obviously, the validity of Doi's explanation for the observed

relaxation and reduce the stress level: 10 scaling crucially depends on the magnitude of the numerical
factoru in egs 3. Even thought = 1.47 generates the right
s = Pl - u(1i2)"? (1) scaling forno over a wide range oZ, it does not imply this is
the real contribution of CLF. First, Ne€dsind des Cloizead%
Gl = GII1 — u(1/2)" 2) have argued that the effect of CLF gashould not be as large
as predicted by Doi. They obtained= 0.3 and 0.7 by numerical
rE,F) — rf,NF)[l _ ﬂ(l/z)llz]zg ngF)/Ggg;) A3) and analytical methods, respectively. Furthermore, different

dynamic modes simultaneously influence the terminal relaxation

where superscripts (F) and (NF) stand for “with fluctuations” time 74. Since it is impossible to distinguish their respective

and “without fluctuations”GC._is the apparent plateau modu- contributions from simple measurementsief the value ofu

lus, andu is a universal nurgpgrical prefactor. Doi derived= in eq 1 cannot be validated experimentally. On the other hand,

1.47 from variational principles. With such a high value, theZdependence B, of eq 2 does offer an opportunity to
fluctuations have significant effects upZo= 200 because the ~ evaluate the prefactor, which, surprisingly, has not been
inverse square root dependence decays slowly. In the sameexploited so far.
range, egs 1 and 2 predig to scale a3 and Ggpp asz043 The objective of the present paper is to show that certain
with a smooth transition tgo O Z3 and GZp AN Z0 beyondZ = predictions of CLF-based tube models, namelyZltkependence
of 74 anng are inconsistent and therefore question some of
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o i o o The third method, developed by Raju etalis based on the
g1'° & Ej—cr' so-called “universal terminal relaxation spectrum”, i.e., the

empirical observation that the terminal peak of well-entangled
monodisperse polymer species has a universal shape, when
properly scaled. Hence, for sufficiently narrow-distributed long
x chains, the ratio of the plateau modulus to the maximui@'of
G _of LM theory at the terminal peak is a universal proportionality constant, which
02| _ _ _sﬁ;’:“nk simulation Raju et al. found to be equal to 3.56. The methods based on
wmin and G'"max only involve a straightforward reading of
10 100 1000 mastercurve data, while the method based on the terminal peak
z integration is more delicate to use because, in some cases, it
requires a careful extrapolation of the terminal peak at the high-
frequency side in order to properly remove the contributions of
12{ () the Rouse motion®. As shown below, all three methods give
very consistent results.

We have applied the three methods described above to a large
set of rheological data published in the past 30 years for quasi-
monodisperse polybutadiene (PBD), polyisoprene (PI), and
polystyrene (PS). Among those polymers, PBD is unique as it
—G" ,, of LM theory has a very small molecular weight between entanglemdats
0.41 ---- ~ 1600 g/mol, and hence, a wide range df/alues can be
covered experimentally (up to 600).

The Ggpp values for PBB151720 gre plotted in reduced
0'010 T T T T 00 1000 form (GngGﬂ) as a function ofZ and MW in Figure 1a, and
z the molecular characteristics as well as the plateau modulus are
also listed in Table 1. We choo&, = 1.15 MPa according to
Figure 1. (a) G3,,vsZ or MW: GJ, normalized byGy = 1.15 MPa. Fetterd! and in agreement with our data for high MW samples.

Solid line represents predicté®min by the LM theory; Dashed line  To convert MW toZ, we takeMe = 1570 g/mol according to
represents results of slip-link simulation (ref 30). @)maxVSZ: G''max 0 _ 8
normalized by 0.35 MPa. Solid line represents predi@&gax by the Gy 4pRT/5Me.” No clearZ dependence of the reduceﬂpp
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LM theory. Dashed line corresponds to the sI@é. is observed for Z> 20. For lowerZ values, the data are less
accurate because of the strong disturbance of the terminal
Results and Discussion relaxation by the high-frequency Rouse-like relaxation. All the

reduced data are located between 0.9 and 1.1. Considering that
Three accepted methods are described in the literature forthe data come from different groups and a 5% random error

the determination oﬁgpp First, the plateau modulus can be due to sample loading is unavoidable, the consistency of the
obtained as the value @' at the angular frequenaymi, where data is in fact quite remarkable. We do not exclude the

G" reaches a minimurh® Second, on the basis of the Krorig possibility that a very weak dependenc onZis hidden
Kramers reIation,Ggpp can be calculated by integration over within the experimental uncertainty of 10%. However, this
the terminal relaxation peak &s uncertainty does not preclude a comparison with predictions of

Table 1. Molecular Characteristics and Apparent Plateau ModuIiGgpp (MPa) Estimated by Different Methods for PBD

samplé min method integral methotl max method G max (MPa) Mw/Mp Mw (kg/mol) ref
L200 1.15 0.323 <1.05 200 15 (25C)
L350 1.18 0.331 <1.05 350

41L 1.05 0.305 1.04 41 17 (2%)
98L 1.23 0.345 1.03 985

174L 121 0.34 1.04 174

435L 1.23 0.345 1.03 435

B1 112 0.314 <11 71 9 (25°C)
B2 1.09 0.307 <11 130

B3 1.20 0.337 <11 355

B4 1.26 0.355 <11 925

B4 ~1.1g° 1.15 1.26 0.355 <11 925 18 (25C)
PBD21 1.10 1.26 0.354 <1.1 21 19 (28C)
PBD41 1.10 1.08 1.24 0.349 <11 44

PBD97 1.09 1.12 1.22 0.343 <11 97

PBD201 1.20 1.15 1.27 0.356 1.27 201

44K 1.20 1.17 1.19 0.333 1.01 44 20 (40)
100K 1.18 1.13 1.15 0.323 1.01 99

207K 1.15 1.15 1.25 0.352 1.01 208

410K 1.15 1.10 1.15 0.323 1.01 412

average 1.15 0.05 1.13£0.03 1.18+ 0.07 0.33+ 0.02

aCodes in original reference%Estimated by using “minimum” methoongpz G'(w)a'—minimum: ¢ Estimated by using “integral” methocﬁgpp= (2Im)
/T2G"(w) d In w. 9Estimated by using “maximum” method3% = 3.56G" max ¢ G' value at highest attainable frequency.

anp CbVv
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Figure 2. Cross-check between the relaxation time and relaxation
modulus: comparison between theoretical predictions (lines) by the
LM theory and experimental data (points) for monodisperse PBDs of
ref 20.
the LM theory, since the latter predicts a much stronger de- =
pendence o#, as the solid curve shows in Figure 1a. Predictions e £
for G0 are taken as th&'nm, at the frequency where loss o o y @  PBD201K
app e . Yy =5 a
modulusG" has a minimum and obtained according to ref 12, 0 o & g © PBDI7K
with the constraint release parametger= 1. 7 o & ~ 3 ggg;m
The maximum of the loss modulus terminal pe&K'max v
which for monodisperse polymers is essentially indistinguish- 10° Ty r—r———
able from theG'—G" crossover, is reasonably free from 107 100 100 100 10" 10" 10" 10" 10" 10
disturbance from the high-frequency Rouse-like relaxattdfi. o (rad/s)

Therefore, comparing the experimental and predicted depen-Figure 3. G" terminal relaxation peaks for (a) Pl of ref 22, (b) PS of
dence ofG"max Vs Z provides a stronger test. This compari- ref 23, and (c) PBD of ref 19.

son is presented in Figure 1b. All data and predictions by the

LM theory (with ¢, = 1) have been reduced Iy’ max of the entanglements; 7. is the only free fitting parameter. We use
highest MW sample £0.35 MPa). The same discrepancy Ge = 1.45 MPa based o5} = 1.15 MP&! and 7 = 2.5 x
between the experimental results and the predictions is observed.0~” s for master curves at 4€. The corresponding monomeric

as for Ggpp The predicted slofé? is very close toz%! friction coefficient£ is 0.8 x 1077 g/s8 which compares very

represented by the dashed line. This slope is consistent with eqwell with values reported by Ferfyand Colby for linear PBD.

2, considering that there is a proportionality betw&&m,,xand The comparison between the experimental results and predic-

Ggppl&lﬁ tions in Figure 2 is striking. While the agreement is excellent
The above results suggest that the valueuoh eq 2 is for the terminal relaxation times, significant vertical deviations

overestimated by Déiand the LM theory or that th@ 12 are observed at intermediate frequencies for all samples but the

scaling may be incorrect foB_ . It is therefore important to ~ highest MW. Clearly, the LM theory incorporates tiede-
cross-check the consistency of tAelependence predicted by — Pendence of the fast relaxation processes adequately for the time
CLF tube models for the relaxation time and modulus. To this Scale but overestimates their contribution on stress relaxation,
end, we use a set of accurate LVE data for linear PBD (from which is consistent with the,, and G max results presented

44 to 410 kg/mol) published by Wang et?land presented in  above. AImost constar®" max within an uncertainty of 5% is
Figure 2. The quality of the data is reflected by the very narrow also observed for other polymer species, i.e?? Bhd PS3 as
distribution of the samples (polydispersity about 1.01) and the well as for PBD data from another grod{see Figure 3). All
excellent overlap of the high-frequency Rouse-like relaxation the above discrepancies indicate an overestimation of CLF
for all samples. For comparison with the LM theory, only two effects on the relaxation modulus, which is also a possible reason
basic parameters must be defined, the entanglement modulusvhy the LM model and, similarly, the MilnerMcLeish model*

Ge = 5/4Gﬂ and the equilibration time of a segment between need a 26-30% IargerGﬂ, than the accepted literature VaIEﬁDV
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Table 2. Tube Diameters from NSE Spectrum and Reduce@g,, for polymers with slip-link models. Masubuchi et3Isuggest a
Polyethylenes® simple dependence dBJ,, on Z, which is apparently con-
My Q(diluted) acLr? firmed by their slip-link simulations:
(kg/mol) (nm) Gop (nm) Gopd CLF) z 3
12.4 6.0 0.67 4.45 1.14 10.3 Ggpp o1- Z (6)
15.2 5.3 0.85 4.25 1.25 12.7
1r.2 5.2 0.89 4.45 114 14.3 The simulation should automatically contain reptation and faster
52'7 i_'g f"fg 2.55 i'gé gg.e processes, e.g. CLF and CR, as well as so-called “dangling ends”
190 4.9 1 4.75 1 158 effects. Predictions by eq 6 are also presented in Figures la

and 4 as dashed lines. Simulation results by Masubuchi et al.

a ina2 = 2 — 0 X
Calculated by using = Neb? = (MJMob* [ 1/Gy. show thatGgFJID reaches an asymptotic valuezaaround 30, as

1.4 opposed to about 200 for CLF tube models. This is in good
agreement with both rheological data and the NSE-based

1.24 . evidence discussed above.

1.0-

Conclusion

In conclusion, both experimental data and slip-link simula-
tions indicate a weaker dependenceﬁﬁgpvs Z than predicted
by state-of-the-art tube models, which reveals an inconsistency

app

o
©
1

2 0
Normalized G

o

o

1

0.4- between the MW dependence of the relaxation time and modulus
0.2] |~ Cun Of LM theory in CLF tube models. A possible explanation could be an
’ — = -Slip-link simulation overestimation of the CLF effect, as it is quantified by the
0.0 i . numerical factop in eqs 3. Over the years, a wide range of

10 100 1000 theoretical estimations have been published, ranging from 0.3

z

Figure 4. Ggppvs Z Ggppextracted from neutron spin echo (NSE) data
of ref 25. The theoretical predictions are same as in Figure la.

to 1.697:10-14 A value around 0.7 would roughly capture the
experimentalZ dependence oﬁgpp in Figures 1 and 4 but
would not yield the requiregly 0 Z34scaling. As a consequence,
for agreement with experimental data in tHerange below g‘f?erm;/lf’t'cal 3.4 power problem might not be entirely solved
2001224 :

An apparent overestimation of CLF on the stress level by  /atanab& has commented that the agreement be(;"é"lglezn the
the LM theory can also be inferred from recent neutron spin ©PServedyo scaling and the prediction of CLF tube mo

echo (NSE) experiments. Wischnewski e@apresent a series ~ Sould not be construed as an indication that there are no
of NSE spectroscopy data for polyethylene melts with different contributions from other dynamic modes, e.g., constraln.t release
MWs between 12 and 190 kg/mol. Raw tube diameterre (CR). Graessley and othé#s*® have shown that CR contributes
obtained by fitting the single-chain dynamic-structure factor with © the nonreptaflzlg scaling behavior of the self-diffusion
a pure reptation model. Wischnewski et al. correct the diametersCOefficientDs ~ Z7#~at '%WZ although Lodge has argued that
by fitting the structure factor instead with a reptatiénCLF CLF is in fact the origir® Recently, Wany has clarified the

model, and the two sets of tube diameters@gues andoeLr) situation forDs in favor of a CR-o_nIy origin. A Iogi_cal deduction

are given in Table 2. In the corresponding Figure 3 in ref 25, Would be that CR should contribute to téescaling forno_aslgs

it can be observed that thadl corrected tube diameters of lower Well @ CLF, as already proposed in the literafth.

MW samples are smaller than that of the highest MW sample However, the CR and CLF contributions to thescaling are

(190 kg/mol). This could imply an overcorrection. An alternative S° subtle that there are no unambiguous results from experiments

h : . - . i i ,39-41
interpretation of their results would be to consider that the wider ©" binary mixtures so ffélr?' I_t should be noted that_a .
tube diameters reflect an overall dilution effect resulting from 90rous treatment of CR is a formidable task due to the intrinsic

CLF, CR, and possibly other fast relaxation processes. Lower many-body” nature of the problem.
MW samples hence have wider tube diametggg.eq, which A related problem is that CLF effects are probably polymer-

are related to the high-MW limitingiues) and the reduced spem_ﬁg an_d correlate Wlth chain stlﬁne@e‘,‘?’ To r_esolve t_he
G in the following way2® remaining |ncon3|s.telnC|es, WeII-QeS|gned expenment§ (in par-
app ticular those combining rheological measurements with other
2 (undiluted) 0 characterization techniques) and multiscale computer simula-
Hundiluted) _ Me — Gapp (5) tions** are as much in need as additional theoretical develop-
miiued G ments. A successful self-consistent theory should be able to
predict rheology, diffusion, and structure factor at the same

time 28

2
Qgiluted)

We convert the observed raw tube diameters il /Gy

according to eq 5 by considering the diameter of the highest Acknowledgment. This work has been supported by the
MW sample Z ~ 160) as the undiluted limit value. The results ARc grant of the “Communatteancaise de Belgique” (CYL).
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